. We describe new exact results for a model of ionization of a bound state, induced by an oscillating potential. In particular we have obtained exact expressions, in the form of readily computable rapidly convergent sums, for the energy distribution of the emitted particles as a function of time, frequency and strength of the oscillating potential. Going beyond perturbation theory, these show resonances in the energy distribution which look like single or multi-photon absorption, similar to those observed in laser induced electron emission from solids or atoms. This is particularly so when the strength of the oscillating potential is small compared to the binding energy but is still visible for large elds, and even for time-periods of a few oscillations. We have also obtained the space-time structure of the wave function. Our model exhibits a form of stabilization; the ionization probability is not monotone in the strength of the oscillating potential.
Introduction. When (laser) light of frequency ω shines on a metallic surface or on a gas of atoms one observes the emission of electrons. This photo-electric e ect is generally described (to leading order) along the lines in which Einstein rst explained the phenomena in 1905 [11] , [19] : an electron absorbs n photons, thought of as "localized light particles", acquiring a kinetic energy K = n ω − E b , where E b is the minimum energy necessary to eject the bound electron from the metal or atom.
There is generally no speci cation of how the localized photons in a laser beam interact with and get absorbed by electrons. For this, one has presumably to go to a strongly coupled relativistic quantum eld theory where the electro-magnetic eld and its interaction with bound and free charges is properly described; see however [4] , [15] , [21] . In practice one does computations "semi-classically" [1] , [5] . That is, one considers the electromagnetic eld produced by the laser as a continuum non-quantized eld. This simpli cation is considered plausible due to the large number of photons in a macroscopic eld.
The semi-classical description is given by a non-relativistic Schrödinger equation iψ t = (H 0 + V (x, t))ψ. Here H 0 describes the Hamiltonian of the reference system, e.g. a hydrogen atom, with both bound and free states without the laser eld and V (x, t) = V (x, t + 2π/ω) represents a classical oscillatory eld started at t = 0. The latter is represented as a vector potential or, in the length gauge, a dipole eld, e.g. V (x, t) = e E · x sin ωt [1] , [5] . One then considers the time-dependent solution ψ(x, t) of the Schrödinger equation for t > 0 starting with an initial state ψ(x, 0) = u b (x), a bound state of H 0 with energy −E b . ψ(x, t) can be represented as a superposition of the initial bound state and of the generalized eigenstates of H 0 with momentum k, u(k, x) i.e. asymptotically free scattering states:
In (1) |θ(t)| 2 is the probability at time t that the particle is still in its bound state and |Θ(k, t)| 2 is the probability density of nding the ionized electron in the (quasi) free state with energy 2 k 2 /2m. The unitarity of the evolution then gives |θ(t)| 2 + R d |Θ(k, t)| 2 dk = 1. When ω > E b , rst order perturbation theory in the strength of V (used very judiciously) yields, for "long times", emission into states u(k, x) with 2 k 2 /2m+E b = ω. This is interpreted as representing the absorption of one photon even though it is known that perturbation theory is not valid for "very long times" [1] , [5] ; see also [10] , [20] . The clever use of rst order perturbation theory also yields Fermi's Golden Rule of exponential decay of |θ(t)| 2 from the initial bound state. To deal with the case of transitions caused by "n photons", which one observes as "peaks" in noisy emission data [19] , one needs in principle to go to n'th order perturbation theory. This is very complicated and unreliable, so it is almost never attempted in practice. Instead one uses the so called strong eld approximation due to Keldysh and others [16] , [14] , [17] , [19] . These are basically uncontrolled approximations which however give qualitative good results.
Description of the model. To gain a clearer picture of how resonances from a time-periodic potential give rise to peaks in the emitted energy distributions which look similar to n photon absorption, it is desirable to obtain an exact solution of the Schrödinger equation for arbitrary t, ω and strength of V . In this work we describe exact results for ψ(x, t), θ(t) and Θ(k, t) for a very simple 1d model system with H 0 = − ∂ 2 ∂x 2 − 2δ(x) and V (x, t) = −2α sin(ωt)δ(x). (We are using units in which = 2m = 1.)
The Hamiltonian H 0 has a single bound state u b (x) = e −|x| , x ∈ R, with energy −E b = −1, and continuum states
We then look for solutions of the time dependent Schrödinger equation
This model has been studied extensively before [12] , [13] , [2] , [22] , see in particular [9] and references there. There θ(t) was proven to go to zero as t → ∞. Its form for small α was obtained by a combination of analytic results and numerics, and shown to have many features similar to those obtained experimentally for the ionization of hydrogen-like atoms in a microwave electric eld. There was however no computation of Θ(k, t) and ψ(x, t). In this paper we present the physical content of new results for these quantities. These show, for the rst time we believe, resonances in the energy distribution |Θ(k, t)| 2 which correspond to multiphoton absorption for very long times. These are based on exact expressions in the form of multi-instanton expansions [6] . We also present a new computation of the space-time structure of the wave function. Finally, we describe new, e cient numerical methods which we believe will be useful for more realistic systems. (For numerical studies see [12] , [22] and [5] .)
Results for Θ(k, t), θ(t). It was shown in [9] that
and
where φ satis es the integral equation
It can be checked, [9] , that the Laplace transform of φ
is analytic in the right half plane and satis es the functional equation
(The square root is understood to be positive on R + , and analytically continued on its Riemann surface.)
In order to carry out the analysis of eq. (7) we de ne the function Φ(q) := F (−iq). This is analytic in q in the closed upper half plane except for branch points at q = nω + 1, and in the lower half plane except for an ω-spaced array of poles parallel to the real line-representing physically resonances. The two step recurrence satis ed by Φ(q 0 + nω) can be solved e ciently by continued fractions, or even more rapidly by a doubling procedure described in the sequel.
One can rewrite θ(t) and Θ(k, t) as Fourier transforms of functions with the same analyticity properties as Φ. It was shown in [6] that the functions Θ(k, t) and θ(t) have Borel summable multi-instanton expansions in 1/t valid for all t > 0, for all α, ω. These explicit formulas are essentatially obtained by pushing the Fourier contour in the lower half plane, collecting residued (resulting in small exponentials) and Hankel countours around branch cuts, which are in fact Borel sums of asymptotic series in powers of 1/t. For small α, Θ(k, t) and θ(t) have exact expressions in α for all t, provided that certain sums in the exponentials are kept in the exponent. On the other hand, a pure power series expansion in α, as used in classical perturbation theory, converges only for t up to order α −1 log α.
The Fourier transform interpretation also provides a good intuition into the time behavior of the model. For small α, with m the least integer s.t. mω > 1 the poles are at a distance O(α 2m ) from the real line. The largest residue is O(α 2m ). This gives Lorenzian shaped peaks in the pro le of Φ, of amplitude O(α −2m ). The total area under the graph of |Φ| comes solely from the peaks, up to O(α 2m ) corrections. When ω −1 is not too close to an integer, Φ is analytic in a neighborhood of these peaks. Its Fourier transform decays exponentially with exponential rate O(α 2m ) up to times of order α −2m when the oscillation in the Fourier transform is fast enough to cancel the peaks. Up to that time, |θ(t)| 2 = e −2α 2 mγ(ω)t (1 + o(1)) (where γ is α-independent) 1 . From t ∼ α −2m on, the much slower decay associated to the branch cuts, O(α 4 t −3 ) takes over. (The exact expression in the form of a convergent multiinstanton expansion leads to the same conclusion.) When however ω −1 is close to an integer, Φ has cusps at the peaks, and the decay is not exponential anymore, not even on shorter time scales; instead it is O(α 4 t −3 ) mixed with high amplitude oscillations, at all times. Ionization is then much slower, a form of stabilization in this and similar models. This qualitative reasoning works even when α is of order one, in which case, due to the Stark shift, some other, α-dependent values of ω result in cusped peaks.
It was also shown in [6] that lim t→∞ Θ(k, t) := Θ(k, ∞) exists. For small α and ω > 1 it has the Lorentzian shape: From (8) it follows that, for α → 0, after t → ∞, Θ becomes a delta function at k 2 = ω − 1. There is a similar behavior for ω < 1, the delta function now occurring at k 2 = mω − 1, where m is (as above) the smallest integer so that mω > 1, see Fig. 1 where we display the very sharp peak for α = .01, ω = .4 and m = 3. There is a (Stark) shift of order α 2 = 10 −4 . The shape is close to a Lorentzian.
The peaks in |Θ(k, t)| 2 remain sharp for small α and are located close to energies k 2 = nω − 1, n m. In Fig. 2 we show |Θ(k, t)| for ω = .51, α = 1. The peak at zero corresponds to 3-"photon" ionization (because of the Stark shift; 2 would be needed at small α). One can distinguish peaks corresponding to up 8-photon ionization. The fact that α is large permits us to see that many peaks. For small values of α the peaks for (n + 1)ω are smaller than those for nω by a factor of α 2 , see Fig. 3 where one can also see how the peaks broaden when α gets large: they essentially disappear for α 3. For nite times the peaks broaden and get smaller. They are however still visible when t is of the order of a few periods, see Fig. 4 . The reason for this is that Θ(k, t) − Θ(k, ∞) decays in a manner similar to that of θ. This explains why the limiting pro le is visible after only a few oscillations if α is not extremely small.
In Fig. 5 we can see several graphs of |θ(t)| 2 , the survival probability versus t. For α = 1/2 the Fermi Golden rule is clearly visible, for all relevant times. At larger times, the t −3 behavior kicks in, again mixed with oscillations, as predicted by the multi-instanton expansions: at α = .98 we observe stabilization: the decay is always power-like and slower, except at very short times. This is consistent with the stabilization process that we mentioned. At α = 1.3 the log-plot shows an initial exponential behavior, followed by rough dip when the exponential and polynomial parts become comparable, resulting in some cancellations, after which the behavior becomes polynomial, with oscillations.
All the above results do not use perturbation theory but agree with it when the latter is applicable. We obtained the plots of Θ and ψ by numerically taking the inverse time Laplace transform of ψ(x, t) for moderate time, and then by stationary phase calculation of the inverse Laplace transforms. Various features of |Θ(k, t)| 2 are similar to those observed in experiments [19] .
A more direct connection between this semi-classical description and the "photon" picture can be made via Floquet theory [12] . Using a suitable representation for the laser eld in a cavity one can describe the absorption of n (non-localized) photons by an atom in terms of the solution of a Schrödinger equation. We shall consider the connection between our results and this formalism in a future work [7] .
Calculation of ψ(x, t). The full behavior of ψ(x, t) is very complicated despite the simplicity of the model. Here we present the main results of the new calculations, leaving the details for another paper [8] . We expect the main feature of the evolution of ψ(x, t) to be universal for ionization by an oscillatory eld [13] .
For small values of x and t, |ψ(x, t)| is highly oscillatory, indicating the formation of wave packets. For large x and t of comparable order of magnitude, the behavior suggests trajectories of free classical particles, as expected from the scaling t = N τ , x = N ξ, N 1 which is roughly equivalent to taking → /N and correspondingly suppressing the delta function. The asymptotic behavior of ψ in this regime is particularly simple, see Fig. 6 .
To obtain these results we use the Laplace transformψ(x, p) de ned in [6] . Letting ψ(x, 0) = u b (x), equation (3) becomes
where
For p in the right-half plane any square-integrable solution of (9) has the form
where Re √ −ip > 0 and
Combining (10)- (12) we obtain F 6. |ψ(x, t)| 2 for ω = 1.52, α = 1.5
To calculateψ(0, p), denote p = −iq, q = σ + nω where Re σ ∈ [0, ω),ψ(0, −i(σ + nω)) = g n Equation (13) now becomes
(where the square root is chosen so that √ u equals −i |u| if u < 0). Methods similar to those of [6] show that equation (14) has a unique square-summable solution g n = g n (α, σ), analytic in α for small α and real analytic for all α. It is also analytic in σ, except for a square root branch points at 0 and for a pole of order one in the lower half plane; its residue can be calculated using a convergent continued fraction.
This solution of (14) can be calculated numerically, rapidly, with arbitrary precision, by iterating (14) N times, each time doubling the recurrence step, leading to g n = a 
This yields for large x ∼ t the simple formula ψ(x, t) ∼ e 
whereψ(0, p) is given explicitly as a convergent continuous fraction. In this semiclassical limit we have E = mv 2
